Simple Types for Arithmetic Expressions

» “Types” are a way to categorize bits according to how they
should be interpreted.

» What does 0110101010 mean? We could interpret those bits
as an integer, or as a memory address, or ...

» A type system is something that filters out “bad” programs:
programs that may produce untrapped errors (that write off
the end of an array, dereference a dangling pointer, etc.)

» A type system restricts programs so that they may only use
bits according to their intended interpretation.



Errors, Getting Stuck, and Type Safety

Definition

A program e is stuck if e is not a value and there is no evaluation
rule that applies to it. More formally:

stuck e = (not value €) A (not (3e’.e — ¢€')).

(which is equivalent to not (value e vV (€’.e — ¢€')))

Note: getting stuck is how we model untrapped exceptions.
Definition
A language is type safe if no well-typed program can get stuck

and the result is the same type as the original program. More
formally: if e: T and e —* €’ then €’ is not stuck and &’ : T.



A Language of Arithmetic Expressions

true

false

if e then e else e
0

succ e

pred e

iszero e

v = true | false | nv
nv = 0| succ nv

T == bool | nat



The Operational Semantics for Arithmetic Expressions

Reduction rules:

e—e pred 0 — 0 pred succ nv — nv
iszero succ nv — false iszero 0 — true
if true then e else e3 — e if false then e> else e3 — €3

Evaluation contexts:

E ::=1] | succ E | pred E | iszero E | if E then e else e

Evaluation rules:

e — ¢
e— e
Ele] — E[€']
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A Type System for Arithmetic Expressions
Type rules:

0: nat true : bool false : bool

e1:bool e:T e:T
if e; then ey else e3: T

e : nat e : nat e : nat
succ e : nat pred e : nat iszero e : bool

Example derivation:

_ O:nat
0: nat 0: nat succ 0 : nat
iszero 0 : bool succ 0 : nat pred succ 0 : nat

if (iszero 0) then (succ 0) else (pred succ 0) : nat



Towards Proving Type Safety

Lemma

(Progress) If e : T then either e is a value or an evaluation rule
applies to e (i.e., 3e’.e — €').

Lemma
(Preservation) If e : T and e — €' thene' : T.

(We'll come back to these and prove them.)



Proving Type Safety

Theorem

Ife: T and e —* €’ then €' is not stuck and e’ : T.

Proof.

By rule induction on e —* €.

Case e —"* e: By the progress lemma, e is either a value or an
evaluation rule applies to e. In either case e is not stuck (by
definition).

Case e — e, e; —™* €’: The induction hypothesis is that for
any e, if e1 : T and e; —™* e then e is not stuck and e : T.
Because e : T we have e; : T by the preservation lemma. Then by
the induction hypothesis, €’ is not stuck and e’ : T.

O



Outline for Progress and Preservation

, subject reduction

r:S,r—r r:S
decompose replacement
e: T,e=EJr] e T,e =E[]



Well-typed Evaluation Contexts

E:S=bool e:T e:T

T =T ;
[ if Ethenejelseey:S=T
E:S = nat E:S = nat
succ E : S = nat pred E : S = nat

E : S = nat
iszero E : S = bool




The Major Lemmas

Lemma

(Decomposition) If e : T then either e is a value or there is an E
and r wheree = E[rl and E:S=-T and r: S and r is a redex.

Lemma
(Subject Reduction) If e : T and e — €’ then €' : T.

Lemma
(Replacement) If E: S = T and e : S then E[e] : T.

(We'll prove these lemmas next time.)



Inversion Lemmas and Canonical Forms

Inversion lemmas answer the question: if we have an expression
of a certain form, what do we know about its type?

1. If true : T then T = bool.

2. If succe: T then T = nat and e : nat.

3. ..
Canonical form lemmas answer the question: if we have a value
of a certain type, what form does the value have?

1. If v : bool then v = true or v = false.

2. If v : nat then v = nv for some nv. (Recall the nv is the
grammar for natural numbers.)



Uniqueness of typing

In this language of arithmetic expressions, an expression is
well-typed only with respect to just one type.

Theorem
Ife: Ty and e: To then T1 = To.



